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Abstract
In this paper, we present analytical characterizations of Mazur’s intersection property (MIP), the CIP and
the MIP∗ via a specific class of convex functions and their conjugates. More precisely, let X be a Banach
space and X∗ be its dual. Then X has the MIP if and only if for every extended real-valued lower semi-
continuous convex function f defined on X with bounded domain, f is the supremum of all functions
g  f of the form:
g(x) = r0 −
√
R2 − ‖x − x0‖2, if ‖x − x0‖ R; = +∞, otherwise,
for some x0 ∈ X(X∗) and r0 ∈ R, R > 0. And X has the CIP if and only if for every extended real-valued
lower semi-continuous convex function on X with relatively compact domain, f ∗ is the infimum of all
functions h f ∗ which are of the form:
h
(
x∗
)= R0
√
1 + ∥∥x∗∥∥2 + 〈x∗, x0〉+ r0, for all x∗ ∈ X∗.
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A Banach space X has Mazur’s intersection property (MIP) provided every bounded closed
convex set of it can be represented as an intersection of closed balls. The study of the MIP and its
generalizations and applications has been continued for over 70 years since Mazur [18] first intro-
duced and studied the MIP in 1933. See, Granero, Jiménez-Sevilla and Moreno’s survey [12] and
therein for results before 2004 and [1,3,10,13,14,19,20,22], Terán [25] and Hájek, Montesinos
Santalucía, Vanderwerff and Zizler’s book [15] after 2004.
In this paper, we show that if X is a Banach space with the MIP then every lower semi-
continuous convex proper function on it with bounded effective domain can always be rep-
resented as the sup-envelope of a specific class of convex functions, namely, ball-projection
functions, and further, we characterize Mazur’s intersection property (MIP), the CIP and the
MIP∗ via ball-projection functions and their conjugates.
The letter X will always be a real Banach space and X∗ its dual. We denote by BX the
closed unit ball and by SX the unit sphere of X. An extended real-valued convex function defined
on X is said to be proper if f (x) > −∞ for all x ∈ X and with its effective domain domf ≡
{x ∈ X: f (x) < +∞} = ∅. The function f is called coercive provided f (x) → ∞ whenever
‖x‖ → ∞.
It is well known that every lower semi-continuous proper convex function defined on a Banach
space is the upper envelope of the continuous affine functions dominated by the convex function
(see, for instance [21, p. 51]; also, [7]), i.e.,
f (x) = sup{〈x∗, x〉+ r: x∗ ∈ X∗, r ∈R with f  x∗ + r}, x ∈ X.
And this formula is fundamental in convex analysis and very useful to risk measure theory (see,
for instance, [4] and [17]).
This paper is organized as follows. In the following section, we present some properties
about extended real-valued lower semi-continuous proper convex functions and their conju-
gates. For example, we show that if f is a lower semi-continuous proper convex function, then
f ∗ is b-w∗ continuous if and only if lim‖x‖→∞ f (x)‖x‖ = ∞ and for each α ∈ R the level set
S(f,α) ≡ {x ∈ X: f (x) α} is compact.
In the third section, we show that a sufficient and necessary condition for a Banach space X
admitting Mazur’s intersection property is that for every extended real-valued lower semi-
continuous proper convex function f defined on it and for every bounded set B ⊂ domf , if
Gf is the family of all convex functions of the form g = r0 −
√
R2 − ‖ · − x0‖2 (for some
r0 ∈ R, R  0 and x0 ∈ X) dominated by f , then f = sup{g: g ∈ Gf } pointwise. And we call
such functions g ball-projection functions.
In the fourth section, making use of a minimax theorem of saddle functions, we prove that a
Banach space X admits the CIP (for the property of X satisfying every compact convex set is an
intersection of closed balls) if and only if for every lower semi-continuous proper convex func-
tion f with compact effective domain domf there is a family H of ball-conjugate functions h
of the form h(x∗) = R0
√
1 + ‖x∗‖2 +〈x∗, x0〉+ r0 for all x∗ ∈ X∗ and for some r0 ∈R, R0  0,
x0 ∈ X, such that f ∗(x∗) = infh∈H h(x∗). This result makes us feel a little bit surprised – a con-
vex function in this class can be represented to be the inf-envelope of a family of ball-conjugate
functions!
In the last section, we show that a sufficient and necessary condition for a dual Banach space
X∗ to admit the MIP∗ (for the property of X∗ satisfying that every convex w∗ compact set is
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exists a family G∗ of ball-projection functions such that f ∗(x∗) = sup{g(x∗): g ∈ G∗}, for all
x∗ ∈ X∗.
2. More on properties of convex functions and their conjugates
In this section, we will show some properties concerning general lower semi-continuous con-
vex functions and their conjugates. To begin with, we recall some definitions about convex
functions.
An extended real-valued function f defined on a convex subset C ⊂ X is said to be convex,
provided for all x, y ∈ C and λ ∈ [0,1], we have
f
(
λx + (1 − λ)y) λf (x)+ (1 − λ)f (y). (2.1)
Clearly, f is convex if and only if its epigraph
epif = {(x, r) ∈ X ×R: r  f (x)} (2.2)
is convex in X × R. A convex function f on X is called proper if f (x) = −∞ for all x ∈ X
and with its effective domain domf ≡ {x ∈ X: f (x) < +∞} = ∅. For the sake of convenience
of operation, by a convex function defined on a convex set A ⊂ X we always mean that f
is an extended real-valued on the whole space X with f (x) = +∞ for all x /∈ A. For exam-
ple, the function z = −√1 − (x2 + y2) is understood that it is defined on the whole R2 by
z = −√1 − (x2 + y2), if x2 + y2  1; = +∞, otherwise. We say the function f is coercive,
if it satisfies that lim‖x‖→∞ f (x) = +∞. It is clear that given any non-empty closed bounded
convex set C of a Banach space X, the indicator δC of C defined as
δC(x) = 0, if x ∈ C; = +∞, if x /∈ C (2.3)
is a lower semi-continuous coercive proper convex function with dom δC = C; and for any
(lower semi-continuous) proper convex function f defined on X, fC ≡ f + δC is a (lower semi-
continuous) coercive function satisfying fC = f on C and with domfC ⊂ C. Conversely, if f is
a (lower semi-continuous) proper convex function defined on a closed convex set C, we can
always extend f to be a (lower semi-continuous) proper convex function on the whole X by
f (x) = +∞ whenever x /∈ C.
A Minkowski functional p is a non-negative extended real-valued positively homogeneous
convex function. Clearly, the functional p is lower semi-continuous and proper if and only if
there exists a (unique) closed convex set C ⊂ X with 0 ∈ C such that
p(x) = inf{λ > 0: x ∈ λC}, ∀x ∈ X. (2.4)
In this case, we say that the Minkowski functional p is generated by C. It is coercive if and only
if C is bounded, and it is Lipschitz if and only if 0 is an interior point of C.
For an extended real-valued convex function f , the conjugate f ∗ is defined for x∗ ∈ X∗ by
f ∗
(
x∗
)= sup{〈x∗, x〉− f (x): x ∈ X}, (2.5)
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f ∗∗(x) = sup{〈x∗, x〉− f ∗(x∗): x∗ ∈ X∗}. (2.6)
There is no difficulty to observe that an extended real-valued convex function f is lower semi-
continuous if and only if f ∗∗ = f (see, for instance [7]).
Given ε  0, for a proper convex function f on X, its ε-subdifferential mapping ∂εf : X →
2X∗ is defined by
∂εf (x) =
{
x∗ ∈ X∗: f (y)− f (x)+ ε  〈x∗, y − x〉, ∀y ∈ X}. (2.7)
If ε = 0, we write ∂f instead of ∂0f and we call ∂f the subdifferential mapping of f .
It is easy to verify that
x∗ ∈ ∂f (x) if and only if f (x)+ f ∗(x∗)= 〈x∗, x〉. (2.8)
We denote by dom ∂f = {x ∈ X: ∂f (x) = ∅}. Therefore, if f is lower semi-continuous, then
∂f ∗
(
X∗
)⊂ X implies dom ∂f = ∂f ∗(X∗). (2.9)
The following is the Brøndsted–Rockafellar theorem [6], which has an omnibus version by
J. Borwein [5] (see, also [21]).
Theorem 2.1 (Brøndsted–Rockafellar). Suppose that f is a proper lower semi-continuous convex
function on a Banach space X. Then given any point x0 ∈ domf , ε > 0 and any x∗0 ∈ ∂εf (x0),
there exist xε ∈ domf and x∗ε ∈ X∗ such that
x∗ε ∈ ∂f (xε), ‖xε − x0‖
√
ε, and
∥∥x∗ε − x∗0∥∥√ε.
Remark 2.2. Note that for every lower semi-continuous proper convex function f and for all
ε > 0 we have dom ∂εf = domf , and ∂εf (X) = domf ∗. The Brøndsted–Rockafellar theorem
entails that for every lower semi-continuous proper convex function f , (1) dom ∂f is always
dense in domf ; (2) ∂f (X) is always dense in domf ∗.
Proposition 2.3. Suppose that f is a lower semi-continuous proper convex function defined on a
Banach space X and that B ⊂ X is a bounded set. Then infx∈B f (x) > −∞.
Proof. Fix any x0 ∈ dom ∂f and choose x∗ ∈ ∂f (x0). We define g by
g(x) = f (x + x0)− f (x0)−
〈
x∗, x
〉
, ∀x ∈ X.
Clearly, g is a non-negative-valued and lower semi-continuous convex function, and of course,
lower bounded on B−x0. Since x∗ is continuous and linear, f must be lower bounded on B . 
The following simple fact was motivated by [26].
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B(x0,2R) ⊂ X is a closed ball centered at x0 with radius 2R > 0. If f is bounded by M  0 on
B(x0,2R), then f is Lipschitzian on B ≡ B(x0,R) and with Lipschitz norm at most 2MR .
Proof. It suffices to show that for each x ∈ B and x∗ ∈ ∂f (x) we have ‖x∗‖ 2M
R
. Given ε > 0,
choose y ∈ B(x0,2R) with ‖y −x‖ = R such that 〈x∗, y −x〉 > ‖x∗‖R− ε. Then 2M  f (y)−
f (x) 〈x∗, y − x〉 > ‖x∗‖R − ε, or equivalently, ‖x∗‖ 2M+ε
R
. Arbitrariness of ε implies that
‖x∗‖ 2M
R
. 
Proposition 2.5. Suppose that f,g are lower semi-continuous proper convex functions defined
on X.
(1) If f  g, then ∂f (X) ⊃ ∂g(X);
(2) If, in addition, f has Lipschitz norm L, then g is also Lipschitzian with Lipschitz norm at
most L.
Proof. (1) Since f  g, domf ⊂ domg and domf ∗ ⊃ domg∗. The Brøndsted–Rockafellar
theorem says that ∂f (X) (∂g(X)) is dense in domf ∗ (domg∗). We finish the proof by noting
that ∂f (X) ⊂ domf ∗ and ∂g(X) ⊂ domg∗.
(2) It suffices to note (1) we have just proven and that the Lipschitz norm of a continuous
convex function h is just supx∗∈∂h(X) ‖x∗‖. 
Proposition 2.6. Suppose that f is a lower semi-continuous convex function defined on X. Then
(1) f ∗ is Lipschitzian if and only if domf is bounded.
(2) f ∗ is Lipschitzian on each bounded subset of X∗ if and only if
lim‖x‖→∞
f (x)
‖x‖ = ∞.
Proof. (1) Sufficiency. Let f be a lower semi-continuous convex function on a Banach space X
with bounded effective domain domf . Then it is not difficult to observe that f ∗ is real-valued
on X∗. Assume that domf ⊂ βBX for some β > 0. By Proposition 2.3, f has a lower bound
α ∈R on X. We can assume α = 0.
f ∗
(
x∗
)= sup{〈x∗, x〉− f (x): x ∈ βBX} β∥∥x∗∥∥, ∀x∗ ∈ X∗.
Thus, ∂f ∗(X∗) ⊂ ∂β‖X∗‖ = βBX∗∗ , which entails that f ∗ is Lipschitzian with Lipschitz norm
less or equal to β .
Necessity. Suppose that f is a lower semi continuous convex function and f ∗ is Lipschitzian
on X∗ with Lipschitz norm β  0. Without loss of generality, we assume that f ∗(0) = 0. Then
f = f ∗∗  (β‖ · ‖)∗ = δβBX . Therefore, domf ⊂ βBX .
(2) Sufficiency. Let f be a lower semi-continuous convex function on X with
lim‖x‖→∞ f (x)‖x‖ = ∞. To show f ∗ is Lipschitzian on each bounded subset B of X∗, accord-
ing to Propositions 2.3 and 2.4, it suffices to prove that f ∗ is bounded above on each bounded
sequence {x∗n} of X∗. By Proposition 2.3 again, there is α ∈ R such that infn∈N f ∗(x∗n)  α.
For each n ∈ N, we choose xn ∈ X such that f ∗(x∗) < 〈x∗, xn〉 − f (xn) + 1. Therefore,n n
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together entail that {f ∗(x∗n)} is bounded.
Necessity. Assume that f ∗ is Lipschitzian on each bounded subset B of X∗. We claim that
lim‖x‖→∞ f (x)‖x‖ = ∞. Otherwise, There exists a sequence {xn} ⊂ X with ‖xn‖ → ∞ such that
limn sup f (xn)‖xn‖ = γ < β < ∞. For each xn we choose x∗n ∈ X∗ with ‖x∗n‖ = β such that 〈x∗n, xn〉 =
β‖xn‖. Then
lim
n
f ∗
(
x∗n
)
 lim
n
(〈
x∗n, xn
〉− f (xn)) lim
n
‖xn‖
(
β − f (xn)‖xn‖
)
= ∞,
and this is a contradiction. 
Recall that the bounded weak star (b-w∗) topology induced on a conjugate Banach space X∗
by its predual X is the strongest topology which agrees on bounded sets with the w∗ topology.
Proposition 2.7. Suppose that p is a Minkowski functional on X∗. Then it is b-w∗ continuous if
and only if there exists a compact convex set K containing 0 such that p = δ∗K = σK .
Proof. It follows from definitions of Minkowski functional and b-w∗ topology. 
Lemma 2.8. Suppose that f is a lower semi-continuous proper convex function defined on X
and that f ∗ is real-valued. Then the following assertions are equivalent.
(1) lim‖x‖→∞ f (x)‖x‖ = ∞ and for every α ∈R the level set Cα = {x ∈ X: f (x) α} is compact;
(2) f ∗ is b-w∗ continuous on X∗.
Proof. (1) ⇒ (2). By Proposition 2.6, f ∗ is Lipschitzian on each bounded subset of X∗. Assume
that for every α ∈ R the level set Cα = {x ∈ X: f (x)  α} is compact. Thus, domf ≡ C is
contained in a separable subspace of X. Without loss of generality, we can assume that X is
separable. Otherwise, we substitute X0 ≡ spanC and X∗0 = X∗/X⊥0 , f0 ≡ f |X0 for X, X∗ and f ,
respectively. We can also assume that Cn = ∅ for all n ∈ N. Let fn = f + δCn . We show first
that for all n ∈ N, f ∗n are b-w∗ continuous and uniformly Lipschitzian on each closed ball B
of X∗. f ∗n  f ∗ entails that {f ∗n } are uniformly upper bounded on B . This, Proposition 2.3
and non-decreasing monotonicity of {f ∗n } in n together imply that {f ∗n } are uniformly bounded
on B . According to Proposition 2.4, {f ∗n } are uniformly Lipschitzian on B . We show next that
f ∗n is b-w∗ continuous on X∗ for every n ∈ N. It suffices to prove that it is b-w∗ upper semi-
continuous. Let {x∗δ } be a bounded net in X∗ such that x∗δ → x∗ in b-w∗ topology. Note that
compactness of domfn = Cn and (2.8) entail that ∂f ∗n (y∗) ∩ X = ∅ for all y∗ ∈ X∗. There must
be a selection φ : X∗ → X for the subdifferential mapping ∂f ∗n . Therefore, f ∗n (x∗δ ) − f ∗n (x∗)〈φ(x∗δ ), x∗δ − x∗〉 supx∈Cn〈x∗δ − x∗, x〉 → 0. This says that f ∗n is b-w∗ upper semi-continuous.
In the following we show that for every x∗ ∈ X∗ there is n ∈ N such that f ∗n (x∗) = f ∗(x∗).
Indeed, let {xm} ⊂ X such that f ∗(x∗) = lim(〈x∗, xm〉 − f (xm)). Then lim‖x‖→∞ f (x)‖x‖ = ∞
implies that {xm} is bounded, which in turn entails that {xm} ⊂ Cn for some n ∈N. To finish the
proof of this direction, we show finally that for every closed ball B ⊂ X∗ there is n ∈N such that
f ∗n (x∗) = f ∗(x∗) for all x∗ ∈ B . Otherwise, there is a sequence {x∗m} ⊂ B such that f ∗m(x∗m) <
f ∗(x∗ ) for all m ∈N. Let {xm} ⊂ X be a sequence such that f ∗(x∗ ) < 〈x∗ , xm〉 − f (xm). Thenm m m m
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n ∈N and f ∗n (x∗m) = f ∗(x∗m) for all m n and this is a contradiction.
(2) ⇒ (1). Since f ∗ is b-w∗ continuous, it must be bounded on each bounded subset of X∗.
By Proposition 2.4, it is Lipschitzian on each bounded subset of X∗. Note that for any α ∈R with
α > infx∈X f (x), Cα ≡ {x ∈ X: f (x) α} is non-empty closed convex and absorbing C, i.e., for
every x ∈ C there is λ > 0 such that λx ∈ Cα . It suffices to show that for every n ∈N, Cn is com-
pact. We can assume that Cn = ∅. Let again fn = f +δCn . fn  f and b-w∗ continuity of f ∗ im-
ply that f ∗n is also b-w∗ continuous. Without loss of generality, we can assume that f ∗n −1 with
f ∗(0) = minx∗∈X∗ f ∗n (x∗) = −1. Let p be the Minkowski functional generated by the closed
convex set epif ∗n ⊂ X∗ × R. Since f ∗n is b-w∗ continuous, p is b-w∗ continuous on X∗ × R.
By Proposition 2.7, there is a compact convex set K ⊂ X × R such that p = σK . Therefore,
∂p(X∗ ×R) = K . According to a dual version of Proposition 2.2 in [9], (y, r) ∈ ∂p(x∗, f ∗n (x∗))
if and only if x ∈ ∂f ∗n (x∗) with y = x/fn(x) and with r = −1/fn(x). Compactness of K in X×R
implies that the projection {y: (y, r) ∈ K with y = x/fn(x)} of K to X is relatively compact.
Boundedness of fn on domfn = Cn entails that {x: (y, r) ∈ K with y = x/fn(x)} = ∂f ∗n (X∗) is
relatively compact. By (2.9) we obtain dom∂fn = ∂f ∗n (X∗). Density of dom ∂fn in domfn and
closedness of domfn together imply that domfn = Cn is compact. 
For two convex functions f and g, their inf-convolution fg is defined as
(fg)x = inf{f (x − y)+ g(y): y ∈ X}, ∀x ∈ X.
It is clear that fg = gf . In particular, if g = n‖ · ‖ for n ∈ N, then we simply denote fg
by fn, instead of fn‖ · ‖. The following properties about the inf-convolution sequence {fn} are
either classical (see, for instance, [26] and [27]), or easy to prove.
Proposition 2.9. Suppose that f is a lower semi-continuous proper convex function defined on X,
and {fn} is the inf-convolution sequence corresponding to f . Then
(1) for each n ∈N, fn is convex and Lipschitzian on X and with its Lipschitz norm at most n;
(2) {fn} is monotone non-decreasing in n such that fn(x) → f (x), ∀x ∈ X;
(3) f is locally Lipschitzian if and only if for all x ∈ X there exist a neighborhood U of x and
n ∈N such that f = fn on U ;
(4) f is Lipschitzian if and only if there is n ∈N such that f = fn on X;
(5) if, in addition, f is coercive, then fn is again coercive for every n ∈N.
3. An analytic characterization of the MIP
In this section, we shall prove an analytic characterization of the MIP via ball-projection
functions. We shall deal with extended real-valued convex functions and Minkowski functionals.
Suppose that A is a closed ball with 0 ∈ A. Then we say that the Minkowski functional p
generated by A is a ball generating (Minkowski) function. Note that if 0 lies in the boundary
of A, then the associated Minkowski functional is extended real-valued.
Assume that A ⊂ X × R is a convex set. Then g(x) ≡ inf{r: (x, r) ∈ A} defines a convex
function g on CA ≡ {x ∈ X: ∃r ∈ R such that (x, r) ∈ A} (see, for instance, [16, p. 13]). In this
case, we say that g is the projection function of the convex set A, or simply, A-function.
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g(x) = inf{r: (x, r) ∈ B}, if x ∈ CB; = ∞, otherwise
is said to be a ball-projection function.
Clearly, if X ×R is endowed with the norm ‖(x, r)‖ =√‖x‖2 + r2, then the ball B of center
(x0, r0) and radius R is equal to the set
{
(x, s) ∈ X ×R: r0 −
√
R2 − ‖x − x0‖2  s  r0 +
√
R2 − ‖x − x0‖2
}
,
and
g(x) = r0 −
√
R2 − ‖x − x0‖2, whenever x ∈ CB =
{
x ∈ X: ‖x − x0‖R
}
.
For an extended real-valued lower semi-continuous convex function f on a Banach space X,
Gf is always defined as the family of all ball-projection functions g such that g  f .
Lemma 3.2. Suppose that B is a bounded closed convex set of a Banach space X, and that G is
a subset of GδB . If
δB(x) = sup
g∈G
g(x) for all x ∈ X,
then B is an intersection of closed balls.
Proof. Let G = {gα}α∈I with gα = rα −
√
R2α − ‖ · − xα‖2 for some xα ∈ X and rα,Rα ∈ R
such that
δB(x) = sup
α∈I
gα(x) for all x ∈ X.
Let
Aα = B(xα,Rα) ≡
{
x ∈ X: ‖x − xα‖Rα
}
, if rα  0;
Aα = B
(
xα,
√
R2α − r2α
)≡ {x ∈ X: ‖x − xα‖
√
R2α − r2α
}
, if rα > 0.
Letting A = ⋂α∈I Aα , we claim that B = A. For every x ∈ B and α ∈ I , it follows from
δB(x) = supα∈I gα(x) 0 that x ∈ B(xα,Rα) = Aα , if rα  0; and x ∈ B(xα,
√
R2α − r2α ) = Aα ,
if rα > 0. Therefore x ∈ A.
Conversely, suppose that x ∈ Aα for all α ∈ I . if rα  0, then gα(x) = rα −
√
R2α − ‖x − xα‖2
 0; if rα > 0, then x ∈ B(xα,
√
R2α − r2α ), i.e., 0 < rα 
√
R2α − ‖x − xα‖2. Thus, gα(x) = rα −√
R2α − ‖x − xα‖2  0, and which entails that δB(x) = supα∈I gα(x) 0. Hence, x ∈ B . 
Now, we are ready already to state and prove the main result of this section.
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that for every lower semi-continuous proper convex function f defined on it and for every closed
bounded convex set B ⊂ X, there exists a family G ⊂ GfB such that
fB(x) ≡ f (x)+ δB(x) = sup
g∈G
g(x), for all x ∈ X.
Proof. Sufficiency. We claim that the space X has the MIP. Given a non-empty bounded closed
convex set B ⊂ X, δB is a lower semi-continuous coercive proper convex function. By the hy-
pothesis of sufficiency, there exists a family {gα}α∈I of ball-projection functions
gα(x) = rα −
√
R2α − ‖x − xα‖2, if ‖x − xα‖Rα; = +∞, otherwise (3.1)
for some xα ∈ X and rα,Rα ∈R such that
δB(x) = sup
α∈I
gα(x), for all x ∈ X.
According to Lemma 3.2, B is the intersection of some closed balls. Therefore, X admits the
MIP.
Necessity. Assume that X possesses the MIP, and that f is a lower semi-continuous proper
convex function.
According to [23] (see, also [2]), the product X ×R endowed with the norm ‖(·,·)‖ defined
for (x, r) ∈ X × R by ‖(x, r)‖ = √‖x‖2 + r2 admits the MIP. Given any non-empty bounded
closed convex set B ⊂ X, without loss of generality, we assume that fB ≡ f + δB is also proper,
since otherwise, it would be the limit of a sequence of the trivial ball-projection functions fn =
n + δ0. Let {fn} be the inf-convolution sequence corresponding to fB . By Proposition 2.9, for
all n ∈ N, fn are Lipschitzian and coercive convex functions satisfying fn(x) → fB(x) for all
x ∈ X, and for each n ∈ N, fn is bounded by some Mn > 0 on B . Let fn,B = fn + δB , and let
Cn = {(x, r) ∈ X ×R: fn,B(x) r Mn} for all n ∈N. Then without any difficulty we observe
that Cn is closed bounded and satisfies that for each n ∈N,
fn,B(x) = inf
{
r: (x, r) ∈ Cn
}
, ∀x ∈ X,
where inf{r: (x, r) ∈ Cn} is understood = +∞ if {(x, r) ∈ Cn} = ∅, or equivalently, x /∈ B . Let
Bn = {Bn,α} be a collection of closed balls in X × R such that Cn = ⋂Bn,α . For every Bn,α
there exist (xα, rα) ∈ X ×R and Rα ∈R+ such that
Bn,α = B
(
(xα, rα),Rα
)= {(x, r) ∈ X ×R: ‖x − xα‖2 + (r − rα)2 R2α}.
Thus, each Bn,α determines a ball-projection function gn,α :
gn,α(x) = inf
{
r: (x, r) ∈ Bn,α
}= rα −
√
R2α − ‖x − xα‖2,
if ‖x − xα‖Rα ; and gn,α(x) = +∞, otherwise. While Cn =⋂Bn,α implies that for all x ∈ X,
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{
r: (x, r) ∈ Cn
}= sup
α
inf
{
r: (x, r) ∈ Bn,α
}= sup
α
gn,α(x).
Since fn,B(x) → fB(x) for all x ∈ X, we finish our proof by putting G =⋃α{gn,α: n ∈N}. 
Corollary 3.4. A sufficient and necessary condition for a Banach space X to admit the MIP
is that for every lower semi-continuous proper convex function f on X with bounded effective
domain, f = supg∈Gf g.
Proof. Sufficiency. Given any non-empty closed bounded convex set B ⊂ X, let f = δB . Then
f = supg∈GδB g. By Lemma 3.2, B is an intersection of closed balls.
Necessity. Suppose that f is a lower semi-continuous proper convex function f on X with
bounded domf . Choose any bounded closed convex set B ⊂ X with B ⊃ domf , and making
use of Theorem 3.3, there exists a family G of ball-projection functions such that f = fB =
supg∈G g  supg∈Gf g  f . 
Corollary 3.5. A sufficient and necessary condition for a Banach space X to admit the MIP is
that for every closed bounded convex set B , we have δB = supg∈GδB g.
4. Dual characterizations of the CIP
In this section, we shall show a characterization of the CIP of Banach spaces via ball-conjugate
functions. As the same as in Section 3, by the norm ‖ · ‖ on the Banach space X ×R, we always
mean ‖(x, r)‖ =√‖x‖2 + r2.
Definition 4.1. An extended real-valued convex function h defined the X∗ of a Banach space X
is said to be a ball-conjugate function provided there is a ball-projection function f on X such
that h = f ∗.
For a (continuous) convex function f on the dual X∗, we denote by Hf the family of all
ball-conjugate functions h on X∗ with h f .
The following property says that (if the norm is defined for (x, s) ∈ X × R by ‖(x, r)‖ =√‖x‖2 + r2, then) a ball-conjugate function h has always the form h(x∗) = R√1 + ‖x∗‖2 +
〈x∗, x0〉 − r0, for some r0,R ∈R, x0 ∈ X and for all x∗ ∈ X∗.
Proposition 4.2. Let f be defined for x ∈ X by f (x) = r0 −
√
R2 − ‖x − x0‖2, if ‖x − x0‖R;
= ∞, otherwise. Then
f ∗
(
x∗
)= R
√
1 + ∥∥x∗∥∥2 + 〈x∗, x0〉− r0, for all x∗ ∈ X∗. (4.1)
Proof. Note that f (x) = +∞ for all x /∈ B(x0,R). By definition of conjugate function, for every
x∗ ∈ X∗,
f ∗
(
x∗
)= sup{〈x∗, x〉− (r0 −
√
R2 − ‖x − x0‖2
): x ∈ X }
= sup{〈x∗, x − x0〉+
√
R2 − ‖x − x0‖2: ‖x − x0‖R
}+ 〈x∗, x0〉− r0
= max{∥∥x∗∥∥t +√R2 − t2: 0 t R }+ 〈x∗, x0〉− r0.
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that β(t) attains its maximum R
√
1 + ‖x∗‖2 at t = ‖x∗‖R/√1 + ‖x∗‖2. Therefore,
f ∗
(
x∗
)= R
√
1 + ∥∥x∗∥∥2 + 〈x∗, x0〉− r0, for all x∗ ∈ X∗. 
A Banach space X is said to have the CIP provided every compact convex set of X is an inter-
section of closed balls in X. Since a Banach space X has the CIP if and only if
⋃
λ>0 λ extBX∗
is b-w∗ dense in X∗ [8], it is easy to see that X has the CIP implies that the space X ×R does.
With help of Lemma 2.8, and using a similar way of the proof of Theorem 3.3, we can easily
obtain the following two theorems.
Theorem 4.3. A sufficient and necessary condition for a Banach space X to admit the CIP is that
for every lower semi-continuous proper convex function f on X with compact effective domain,
f = supg∈Gf g.
Theorem 4.4. A sufficient and necessary condition for a Banach space X to admit the CIP is that
for every compact convex set K ⊂ X there exists a family G ⊂ GδK such that δK = supg∈G g.
The following two theorems are the main results of this section.
Theorem 4.5. A sufficient and necessary condition for a Banach space to admit the CIP is that
for every b-w∗ continuous Minkowski functional f , we have
f = inf{h: h ∈ Hf }. (4.2)
Proof. Sufficiency. Given a non-empty compact convex set K ⊂ X, we want to show that it is
an intersection of a family of closed balls. Without loss of generality, we assume the 0 ∈ K .
Thus, δ∗K = σK ≡ f is a b-w∗ continuous Minkowski functional. Let us denote H = Hf and
pick h ∈ Hf of the form
h
(
x∗
)= R
√
1 + ∥∥x∗∥∥2 + 〈x∗, x0〉− r0, for all x∗ ∈ X∗.
Let h∗ = r0 −
√
R2 − ‖x − x0‖2 be the pre-conjugate of h, i.e., for each fixed x∗ ∈ X∗,
(h∗)∗
(
x∗
)= sup{〈x∗, x〉− h∗(x): x ∈ X}= h(x∗). (4.3)
Since h f , h∗  f∗ = δK . Therefore,
sup
h∈H
h∗  δK and K1 ≡ dom
(
sup
h∈H
h∗
)
⊃ K. (4.4)
On the other hand, it follows from (2.5) and (2.6) that
f
(
x∗
)= inf{h(x∗): h ∈ H}= inf
h∈H supx∈X
{〈
x∗, x
〉− h∗(x)}
 sup inf
h∈H
{〈
x∗, x
〉− h∗(x)}= sup
[〈
x∗, x
〉− sup h∗(x)
]
=
(
sup h∗
)∗(
x∗
)
.x∈X x∈X h∈H h∈H
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sup
h∈H
h∗  δK and K1 ⊂ dom δK = K. (4.5)
Thus, K1 = K and the property CIP of X follows from Lemma 3.2.
Necessity. Assume that X has the CIP. Let f be a b-w∗ continuous Minkowski functional
on X∗. Then there exists a convex compact set K ⊂ X with 0 ∈ K such that f = σK . Let us
denote G = GδK and notice that H = {g∗: g ∈ G} = Hf . Next, let C be the closed convex hull
of G ⊂ C(K), and for each fixed x∗, let
F(x, y) = 〈x∗, x〉− y(x), ∀x ∈ K and y ∈ H.
Then F is continuous on K × C, concave in x and convex in y. Therefore, the supremum S ≡
maxx∈K F(x, ·) of the family {F(x, ·)}x∈K of continuous functions is again convex and lower
semi-continuous. Consequently, infy∈G S(y) = infy∈C S(y). This and the minimax theorem of
saddle functions [24, p. 16] imply
inf
h∈H h
(
x∗
)= inf
y∈Gy
∗(x∗)
= inf
y∈Gmaxx∈K F(x, y) = infy∈C maxx∈K F(x, y)
= max
x∈K infy∈C F(x, y) = maxx∈K infy∈GF(x, y)
= max
x∈K infy∈G
(〈
x∗, x
〉− y(x))
= max
x∈K
(〈
x∗, x
〉− sup
y∈G
y(x)
)
= max
x∈K
(〈
x∗, x
〉− δK(x))
= δ∗K
(
x∗
)= σK(x∗)= f (x∗).
Theorem 4.6. A sufficient and necessary condition for a Banach space to admit the CIP is that
for every lower semi-continuous convex function f with compact effective domain K , we have
f ∗ = inf{h: h ∈ Hf }. (4.6)
Proof. Sufficiency is directly deduced from Theorem 4.5.
Necessity. Suppose that X has the CIP. Let f be a lower semi-continuous convex function
with compact effective domain domf ≡ K such that f is bounded above on K . Let us denote
G = Gf . Then by Theorem 4.3, we have f = supg∈G g. Let C again be the closed convex hull
of G ⊂ C(K), and for each fixed x∗, let
F(x, y) = 〈x∗, x〉− y(x), ∀x ∈ K and y ∈ C.
Then F is continuous on K × C, concave in x and convex in y. By the minimax theorem of
saddle functions, we obtain
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{
h
(
x∗
): h ∈ Hf }= inf
y∈Gy
∗(x∗)
= inf
y∈Gmaxx∈K F(x, y) = infy∈C maxx∈K F(x, y)
= max
x∈K infy∈C F(x, y) = maxx∈K infy∈GF(x, y)
= max
x∈K infy∈G
(〈
x∗, x
〉− y(x))
= max
x∈K
(〈
x∗, x
〉− sup
y∈G
y(x)
)
= max
x∈K
(〈
x∗, x
〉− f (x))= f ∗(x∗). 
5. On w∗ Mazur’s intersection property of dual spaces
A dual Banach space is said to have w∗ Mazur’s intersection property (MIP∗) provided every
w∗ compact convex set in it is an intersection of closed balls. This notion was first introduced
and studied by Giles, Gregory and Sims [11]. It is easy to show following property.
Proposition 5.1. A dual Banach space X∗ admits the MIP∗ if and only if every (extended real-
valued) w∗ lower semi-continuous coercive Minkowski functional is the upper envelope of a
family of ball generating functions.
The following useful characterization is due to [11].
Proposition 5.2. A dual space X∗ has the MIP∗ if and only if the set of denting points of the
predual unit ball BX is dense in its unit sphere.
Recall that a point x ∈ BX is said to be a denting point of BX provided for every ε > 0 there
exist x∗ ∈ SX∗ and δ > 0 such that the diameter of the slice {z ∈ BX: 〈x∗, z〉 > 1−δ} containing x
is less than ε. In a similar way to [23] we can show the following.
Proposition 5.3. Let {X∗α} be a family of dual Banach spaces with the MIP∗. Then the p sum of
them has again the MIP∗ for all 1 <p < ∞.
Using the same method of the proof of Lemma 3.2, we can get the following result.
Lemma 5.4. Suppose that B ⊂ X∗ is a w∗ compact convex set, and that G is a family of ball-
projection functions of the form g = r0 −
√
R2 − ‖ · − x0‖2 for some x0 ∈ X∗ and r0,R ∈ R
such that
δB(x) = sup
g∈G
g(x) for all x ∈ X∗.
Then B is an intersection of closed balls.
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MIP∗ is that for every Lipschitz convex function f defined on X there exists a family G∗ of
ball-projection functions such that
f ∗
(
x∗
)= sup{g(x∗): g ∈ G∗}, for all x∗ ∈ X∗. (5.1)
Proof. Sufficiency. Given any non-empty w∗ compact convex subset B ⊂ X∗. Then the support
function σB defined for x ∈ X by
σB(x) = sup
x∗∈B
〈
x∗, x
〉
is a Lipschitz convex function. By hypothesis, its conjugate δB satisfies that there exists a family
G∗ of ball-projection functions such that
δB
(
x∗
)= sup{g(x∗): g ∈ G∗}, for all x∗ ∈ X∗. (5.2)
By Lemma 5.4, B is an intersection of closed balls.
Necessity. This part is completely same as the proof of the necessity of Theorem 3.3, but
substitute the w∗ lower semi-continuous convex functions f ∗ and f ∗n on X∗ for fB and fB,n. 
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